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While a Hamiltonian can be both Hermitian and PT symmetric, it is PT symmetry that is the 
more general, as it can lead to real energy eigenvalnes even if the Hamiltonian is not Hermitian. 

We discuss some specific ways in which PT symmetry goes beyond Hermiticity and is more far 
reaching than it. We show that simply by virtue of being the generator of time translations, the 
Hamiltonian must always be PT symmetric, regardless of whether or not it might be Hermitian. 

We show that the reality of the Euclidean time path integral is a necessary and sufhcient condition 
for PT symmetry of a quantum field theory, with Hermiticity only being a sufficient condition. We 
show that in order to construct the correct classical action needed for a path integral quantization 
one must impose PT symmetry on each classical path, a requirement that has no counterpart in any 
Hermiticity condition since Hermiticity of a Hamiltonian is only definable after the quantization has 
been performed and the quantum Hilbert space has been constructed. With the spacetime metric 
being PT even we show that a covariant action must always be PT symmetric. Unlike Hermiticity, 

PT symmetry does not need to be postulated as it is derivable from Poincare invariance. Hermiticity 
is just a particular realization of PT symmetry, one in which the eigenspectrum is real and complete. 


I. INTRODUCTION AND BACKGROUND 

Hermiticity of the Hamiltonian has been a cornerstone 
of quantum mechanics ever since its inception. Nonethe¬ 
less, while the eigenvalues of a Hermitian Hamiltonian are 
all real, Hermiticity of a Hamiltonian is only a sufhcient 
condition for such realiW. As is for instance manifested 
in the matrix given in [l|, viz. 

"-(‘r 1-.)’ 

we see that Hermiticity is not a necessary condition, since 
even though this M is not Hermitian, its eigenvalues are 
given by E± = 1 ± (s^ — 1)^^^, and both of these eigen¬ 
values are real if s is real and greater than one. 

A more general condition for the reality of eigenvalues 
has been identified by Bender and collaborators, and in 
a sense it is surprising since it involves an operator, time 
reversal T, that acts anti-linearly in the space of states 
rather than linearly, and is thus not ordinarily considered 
in linear algebra studies. The explicit condition that was 
found was that the Hamiltonian has to be PT sym¬ 
metric where P is the parity operator, and this has en¬ 
gendered a large number of PT studies in recent years, as 
described for instance in Qii. (In our example above, 
if we set P — ai and T = K where K denotes complex 
conjugation we obtain PTMT~^P~^ = M.) 

While PT symmetry encompasses Hermiticity (Hermi¬ 
tian Hamiltonians can also be PT symmetric), it allows 
for more possibilities. The matrix M given in (IT|) is PT 
symmetric for any value of the real parameter s. How¬ 
ever, if < 1 the energy eigenvalues form a complex con¬ 
jugate pair. And while the energy eigenvalues would be 
real and degenerate at the crossover point where s = 1, 
at this point the matrix becomes of non-diagonalizable 
Jordan-block form with M only possessing one eigenvec¬ 
tor Neither of these possible outcomes is achievable 


with Hermitian Hamiltonians. 

The utility in having a complex conjugate pair of en¬ 
ergy eigenvalues is that when a state \A) (the state whose 
energy has a negative imaginary part) decays into some 
other state \B) (the one whose energy has a positive 
imaginary part), as the population of state |A) decreases 
that of |iJ) increases in proportion. In a PT-symmetric 
theory this interplay between the two states is found @ 
to lead to unitary time evolution. In contrast, in theories 
based on Hermitian Hamiltonians, to describe a decay 
one essentially by hand adds a non-Hermitian term to a 
Hamiltonian, and again by hand chooses its sign so that 
only the decaying mode appears. 

As regards the Jordan-Block case, we recall that in ma¬ 
trix theory Jordan showed that via a sequence of similar¬ 
ity transformations any matrix can be brought either to 
a diagonal form or to the Jordan canonical form in which 
all the eigenvalues are on the diagonal, in which the only 
non-zero off-diagonal elements fill one of the diagonals 
next to the leading diagonal, and in which all non-zero 
elements in the matrix are all equal to each other. To see 
this explicitly for our example, when s = 1 we note that 
by means of a similarity transformation we can bring M 
to the Jordan-block form 



with the transformed M being found to only possess one 
eigenvector, viz. (1,0), where the tilde symbol denotes 
transpose, even though the secular equation \M — XI\ = 0 
has two solutions, both with A = 1. (Since the energy 
eigenvalues have to share the only eigenvector available 
in the Jordan-block case, they must be degenerate.) Such 
lack of diagonalizability cannot occur for Hermitian ma¬ 
trices, to show that PT symmetry is richer than Her¬ 
miticity. Just such lack of diagonalizability has been 
found to occur in fourth-order derivative theories, with 


2 


the relevant Hamiltonian being shown to be PT sym¬ 
metric in 0 and non-diagonalizable in Fourth-order 
conformal gravity theory also falls into this category Q , 
and is able to be ghost free and unitary at the quantum 
level because of it. 

To characterize the above set of possibilities, one 
should look not at the eigenvector equation H\ij;) = E\'ijj), 
but at the secular determinant /(A) = \H — A/|, a de¬ 
terminant whose zeroes are the eigenvalues oi H. In 0 
it was shown that if H is PT symmetric then /(A) is a 
real function of A (viz. in an expansion /(A) = ^ OnA" 
all a„ are real). Then in the converse was shown, 
namely if /(A) is a real function of A, H must have a 
PT symmetry. If /(A) is a real function the eigenvalues 
can be real or appear in complex conjugate pairs (just 
as we found in our example), while if /(A) is not real 
the condition /(A) = 0 must have a complex solution. 
PT symmetry is thus seen to be the necessary condition 
for the reality of eigenvalues, while Hermiticity is only a 
sufficient condition. 

In this sense PT symmetry is more general than Her¬ 
miticity. However it does not represent a departure from 
standard quantum mechanics. Rather, it exploits a free¬ 
dom that quantum mechanics has always had, a freedom 
that had not previously been explored. This freedom is 
evidenced not just in the above treatment of the eigenval¬ 
ues but also in the choice of Hilbert space norm. Specif¬ 
ically, the eigenvector equation idt\R) = T[\R) = E\R) 
only involves the kets and serves to identify right eigen¬ 
vectors. Since the bra states are not specified by an equa¬ 
tion that only involves the kets, there is some freedom in 
choosing them. As discussed for instance in in gen¬ 
eral one should use not the {R\R) norm associated with 
the Dirac conjugate {R\ of \R) since {R{t)\R{t)) is not 
equal to {R{t = 0)|i?(t = 0)) when the Hamiltonian is 
not Hermitian, with this norm then not being preserved 
in time. Rather, one should introduce left eigenvectors of 
the Hamiltonian according to —idt{L\ = {L\H = {L\E, 
and use the more general norm (L|i?), since for it one 
does have {L{t)\R{t)) = {L = 0)|i?(< = 0)), with this 
norm being preserved in time. While this norm coincides 
with the Dirac norm {R\R) when iJ is Hermitian, when 
H is not Hermitian one should use the {L\R) norm in¬ 
stead. As noted in for PT-symmetric Hamiltonians 
this norm (a norm related to the overlap of |i?) with its 
PT conjugate rather than with its Dirac conjugate) will 
be time independent and lead to unitary time evolution. 
Moreover, it was also shown in @ that PT symmetry 
of a Hamiltonian is more than just sufficient for unitary 
time evolution, it is actually necessary. PT symmetry of 
a Hamiltonian is thus the most general allowable general¬ 
ization of Hermiticity that can still lead to an acceptable 
quantum theory. 

In Q a procedure was given for constructing the left 
eigenvectors from the right eigenvectors. Specifically, 
since the energy eigenvalues of a PT-symmetric Hamilto¬ 
nian are either real or appear in complex conjugate pairs, 
it follows that in such a situation both H and have the 


same eigenspectrum. They must thus be related by a sim¬ 
ilarity transformation of the form = VHV~^ for some 
in general iJ-dependent V, and thus obey H^V = VH. 
Since {R\ obeys —idt{R\ = {R\H\ we find that {R\V 
obeys —idt{R\V = {R\VH, and we can thus identify 
{L\ = {R\V. Thus via the right eigenvectors and the op¬ 
erator V one can construct the left eigenvectors. While 
this is not a straightforward task, as noted in the V 
operator must exist if the Hamiltonian is PT symmet¬ 
ric, with a symmetry condition being something that is 
much easier to check for, and thus more powerful since it 
guarantees that such a V must exist even if one cannot 
explicitly construct it in closed form. 

As regards the {Lj{t)\Ri{t)) norm for eigenstates i and 
j of a Hamiltonian P, if \Ri{t)) is a right eigenstate with 
energy eigenvalue Ei = Ef^ + iE^, in general we can write 

{L,{t)\R.{t)) = {Rj{t)\V\R,{t)) = 

Since the norm is time independent, the only allowed 
non-zero norms are those that obey 

EP = Ef, El = -El, (4) 

i.e. precisely eigenvalues that are purely real or are in 
complex conjugate pairs. As noted above, in the presence 
of complex energy eigenvalues unitarity is maintained be¬ 
cause the only non-zero overlap of any given right eigen¬ 
vector with a complex energy eigenvalue is that with the 
appropriate left eigenvector with the eigenvalue needed 
to satisfy (|3]). 

It is instructive to clarify the meaning of Hermicity. 
If we have a Hamiltonian H with elements Hij in some 
basis, then the elements of are given by (P^)y = Pj* 
in that same basis. Suppose that P^ = = H*^ 

in that basis and now apply a similarity transformation 
S' to a new basis to construct P' = SHS~^. In the 
new basis we have [P']^ = [S'^J'I'P'I'S'I' = [S“^]'l'PS't' = 
[S-i]tS-ip'SSt. As we see, [Pf is not in general equal 
to P', though it would be if S is unitary. The reason 
for this is that while a unitary transformation preserves 
orthogonality of the basis vectors, a general similarity 
transformation does not as it is a transformation to a 
skew basis. The statement that (P^)ij = H*^ is thus 
basis dependent. Thus to say that a Hamiltonian is Her¬ 
mitian is to say that one can find a basis in which P^ is 
equal to P*i, with the basis-independent statement being 
that the eigenvalues of a Hermitian operator are all real 
and the eigenvectors are complete. (For our example in 
o for instance, when > 1, on setting s = cosh a, we 
can write 

(Acto -I- Bcr 2 ){(Jo + ias + cosh octi)(Acto - B(J 2 ) 

= ao + sinh aai , (5) 

where 

. / coth a -I- 1A /cotha — 
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to thus bring M to a Hermitian form.) When > 1 the 
matrix M of © is thus Hermitian in disguise, with the 
utility of PT symmetry being that one can learn about 
properties of the eigenvalues of a matrix by testing for 
its PT symmetry, even if one cannot actually determine 
those eigenvalues in closed form. Moreover, unlike the 
condition = H, the relation [H,PT] = 0 is not ba¬ 
sis dependent, though, as noted in [6|, under a similarity 
transformation it would be the transformed P and T that 
would obey [H', P'T'] = 0 [ll]. In addition we note that 
suppose we are given some general H in some general ba¬ 
sis. It may or may not be Hermitian in disguise, and to 
check we would either have to construct an explicit sim¬ 
ilarity transformation that brings H to a basis in which 
Hij = or solve the eigenvector equation to get all 
the eigenvectors and eigenvalues, show that all the en¬ 
ergy eigenvalues are real and show that the eigenvectors 
are complete. Alternatively, we could check to see if the 
Hamiltonian has a PT symmetry (possible written as the 
product of some generalized linear operator times some 
generalized anti-linear one), and if this proves not to be 
the case we can immediately conclude that the Hamilto¬ 
nian is not Hermitian in disguise. PT symmetry is thus 
a necessary condition for Hermiticity, one that requires 
no need to bring H to a Hermitian form [a, 0. 

With there being two options for a Hamiltonian (PT 
symmetry or Hermiticity), one has to ask what deter¬ 
mines which one is to be used. To this end we look at 
the implications of the Poincare algebra, and in Sec. H 
we show that simply by virtue of being the generator 
of time translations the Hamiltonian (and equally the 
energy-momentum tensor from which it is built accord¬ 
ing to H = J (PxT'^^) must be PT symmetric, regardless 
of whether or not it is Hermitian. PT symmetry thus 
outperforms Hermiticity in this regard, with PT symme¬ 
try having a direct connection to spacetime symmetries 
that Hermiticity does not. Moreover, in a sense this is 
to be anticipated since P and T are themselves rooted in 
spacetime, with it being the PT product rather than in¬ 
dividual P 01 T transformations that acts equally on all 
four spacetime coordinates by effecting —>■ —x^. Thus 
the Hamiltonian of any covariant theory must be PT 
symmetric. Then, since it is known that this symmetry is 
violated in weak interactions (weak interactions conserve 
CPT and violate C where C is charge conjugation), weak 
interaction PT symmetry must be spontaneously broken. 
(As noted in [l^ , giving a right- or a left-handed neutrino 
Majorana mass operator '0(1 ± 7 ®)i 7 ^ 7 °(I ± 7^)'0 a vac¬ 
uum expectation value would spontaneously break PT.) 

While the work of [l^ and [Il| showed that PT sym¬ 
metry is a necessary and sufficient condition for the re¬ 
ality of the secular equation /(A) = |P — A/|, as such, 
the proof only applied to finite-dimensional systems such 
as matrices. In Sec. HI we give the extension to the 
infinite-dimensional case by showing that PT symme¬ 
try is a necessary and sufficient condition for the reality 
of the field-theoretic Euclidean time path integral, while 
Hermiticity is only a sufficient condition for such reality. 


In quantizing a physical system one can work directly 
with quantum operators acting on a Hilbert space and 
impose canonical commutation relations for the opera¬ 
tors, a q-number approach, or one can quantize using 
Feynman path integrals, a purely c-number approach. In 
constructing the appropriate classical action needed for 
the path integral approach, one ordinarily builds the ac¬ 
tion out of real quantities, because real quantities are the 
eigenvalues of Hermitian quantum operators. However, 
as we show in Sec. IV, this is inadequate in certain cases, 
and particularly so in minimally coupled electrodynam¬ 
ics (while dfi — is real, it is only id^ — that can be 
Hermitian in the quantum case), with the correct classi¬ 
cal action being constructed by requiring that it be PT 
symmetric instead {id^ and are both PT even in both 
the classical and the quantum cases). In Sec. IV we but¬ 
tress this result by showing that since both T^'^ and the 
spacetime metric are PT even, any covariant action 
must be PT even too. 

As constructed in quantum mechanics, to show that 
an operator such as the momentum operator idx (or the 
Hamiltonian that is built out of it) acts as a Hermitian 
operator in the space of wave functions, one has to in¬ 
tegrate by parts and be able to throw away spatially 
asymptotic surface terms. PT symmetry generalizes this 
notion by allowing for the possibility that one may have 
to rotate into the complex plane in order to find so-called 
Stokes wedges in which one can throw surface terms away 
[ij when it is not possible to do so on the real axis. A 
typical example is the divergent Gaussian exp(a;^). It is 
not normalizable on the real x-axis, but is normalizable 
on the imaginary x-axis, and would be of relevance if the 
momentum operator p were to be anti-Hermitian rather 
than Hermitian, and thus represented by dx, with the 
[x,p] = i commutator being realized as [—ix,dx\ = i- In 
fact, until one has looked at asymptotic boundary condi¬ 
tions, one cannot determine whether an operator is self- 
adjoint or not, since such self-adjointness is determined 
not by the operator itself but by the space of states on 
which it acts. The art of TT-symmetric theories then is 
the art of determining in which domain in the relevant 
complex plane a theory is well-behaved asymptotically, 
with many examples being provided in [ij. However, one 
has to ask what happens to PT symmetry as one does 
continue into the complex plane. In Sec. V we show that 
as one makes such a continuation both the PT operator 
and the Hamiltonian transform so that their commuta¬ 
tion relation is preserved, just as in 0. 


II. THE HAMILTONIAN IS ALWAYS PT 
SYMMETRIC 

Consider a flat Minkowski spacetime with metric 
and action Im = f d'^xCu, where £m is a function of the 
various quantum matter fields of the theory. On general¬ 
izing this action to curved spacetime, one obtains a met¬ 
ric g^i, and action Im = J d‘^x{—g)^^'^CM, where in Cm all 
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derivatives are now covariant ones. Functional variation 
of this action with respect to 5 ^ 1 , yields a matter field 
energy-momentum tensor 

As constructed, is symmetric in its indices, and in 
solutions to the field equations associated with the varia¬ 
tion of the action lyi with respect to the fields in Cm, 
is covariantly conserved according to = 0. On 

having identified an appropriate on then returning 
back to the flat Minkowski case where = 0, one 

introduces the Lorentz generator densities 

(7) 

and finds that the Lorentz generator densities obey 
= 0. Given this conservation condition we can 
set 

4 [ = surface term, ( 8 ) 

dt j J ^x^ 

where i = 1,2,3. Consequently, if the matter fields that 
obey the matter field equations of motion are sufficiently 
damped at spatial infinity so as to cause the surface term 
to vanish, the six Lorentz generators = f d^xM^^'' 
will then be time-independent constants of the motion. 
And as such, since they are Lorentz generators they obey 
the Lorentz algebra: 

- 11tJ.crMp„ +g,,crMpp). ( 9 ) 

Now while we could apply separate P or T transforma¬ 
tions to the Lorentz generators, we note that classical PT 
transformations have a direct connection to the Lorentz 
group since all four components of x^ are treated equally, 
with the PT transformation that takes x^ to —Xp corre¬ 
sponding to a sequence of three complex Lorentz trans¬ 
formations x' = X cosh ^ + t sinh y' = y cosh ^ + t sinh 
z' = zcosh^ -I- tsinh^, each with a complex boost angle 
^ = ITT. A classical PT transformation is thus equivalent 
to a complex Lorentz transformation. 

In the quantum case, if we apply a PT transformation 
to the quantum fields, PT does not act on the coordinates 
themselves but transforms the fields at x^ into fields at 
—x^ with appropriate phases, while the anti-linear na¬ 
ture of time reversal complex conjugates factors of i. On 
applying PT to the Lorentz generator densities we ob¬ 
tain PTM'^i^''{x^)T-^p-^ = 9M^)^''{-x^) where 6 * is a 
real phase. On applying this same transformation to the 
Lorentz algebra given in because the factor i in it is 
conjugated, we find that the phase 0 is given by 0 = — 1. 

If we apply a PT transformation to T^^" we obtain 
PT>^''{x^)T-^p-^ = 0 T'"‘'(-x^), where 0 is a real 
phase. Given this transformation, on applying a PT 
transformation to o we obtain 

6>M'^^^(-x^) = (/)[r'^'^(-x^)x'^ - r'^'^(-x^)x'^] 

= -0[T"'^(-x^))(-x") - r'^"(-x^)(-x'^)] 

= ( 10 ) 


We thus infer that (p = —9, and thus that p = 1. Conse¬ 
quently the matter field T^^" is PT even. Thus from the 
structure of the Lorentz algebra alone we infer that the 
matter field T^’' is PT even. 

To define momentum generators we set P^ = 
J dPxT^^, and from the conservation of T^'^ and the van¬ 
ishing of the fields at spatial infinity, we find that the 
Hamiltonian H = J d^xT^^ is a time-independent con¬ 
stant of the motion, and thus equal to its value at t = 0 . 
Since a PT transformation on the fields does not affect 
f d^x, we obtain 

PTHT-^P-^ = J d^xT°°{t = 0,-x^) 

= J d^xT°°{t = 0,x^) = H. (II) 

We thus conclude that the Hamiltonian is necessarily PT 
symmetric. Thus simply by virtue of being the genera¬ 
tor of time translations the Hamiltonian is automatically 
PT symmetric. And it is PT symmetric regardless of 
whether or not it might be Hermitian, and regardless of 
whether or not it might even be diagonalizable. More¬ 
over, since the only allowable non-relativistic theories in 
physics are those that are the non-relativistic limits of 
covariant ones (even if a system is non-relativistic the 
observer is allowed to be relativistic), the only allowable 
non-relativistic Hamiltonians must be PT symmetric too. 

In choosing an appropriate energy momentum tensor 
we recall that there is a better choice than the canonically 
defined one used above. While there is no need to make 
any adjustment for fermions or gauge bosons in the 
scalar field case rather than use the T^'^ = — 

gpi^C associated with the variation of the action — f d'^xC 
with C — {l/2)dp(f)d^(j) — V{(j)), Callan, Coleman, and 
Jackiw 0 noted that one should augment this with 
an extra term = —{l/2,)dp(j)du(j) — {l/‘i)(j)dpdv4' + 

{l/‘i)'qpvda(pd°‘4’+{^l^)'nfiu'pdad°^(j), to give a total 9^^'' = 
T^'' + This 9^^’' has two interesting properties. 

First, its matrix elements are much better behaved in 
the ultraviolet than those of T^’^ itself. And second, with 
this 9^'^ one can construct the four-vector x,j9^'^ and the 
rank two tensor (Ty^'^x^x" — 2x^x^)9^^, with these two 
quantities serving as the densities for scale and conformal 
transformations. Since both T^'' and AT'^^ are PT even, 
9 fii' jg pj^ gyg]^ Consequently, just as before, the 

generalized H = J d?x9^^ is equally PT symmetric. 

The AT^"^ term can be generated by adding on to C the 
term —(I/I2)(/)^i?“^, and then switching off the curva¬ 
ture after functional variation with respect to the metric. 
However this addition is associated with a conformally 
coupled scalar field, with the quantity {l/2)dp(j)d^(j) — 
{I/12) being invariant under a local conformal 
transformation of the form (j){x) —>■ e~'^^^^(()(x), ffp^(x) ^ 
^ 2 ol(x )boeu pointed out in [1^, a PT 
transformation corresponds to a specific transformation 
of the conformal group SO{4,2), the full symmetry of 
the light cone [cf. PT'il)(t^-ic)T~^P~^ = — 7 ^ 7 ®i/;(—t, —x) 
for fermions where the axial currents are generators of 
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SU{2,2), the covering group of S'0(4, 2)]. Thus in the 
use of H = f ^ we again find a connection between 

PT symmetry and conformal symmetry. 


III. PT SYMMETRY AND EUCLIDEAN TIME 
PATH INTEGRALS 

If we have right and left eigenstates |V^i) and (^^ 2 ! of 
a Hamiltonian with eigenvalues Ei and E 2 according to 
H\tpi) = Eilipi), {ip 2 \H = {ip 2 \E 2 , then on applying the 
PT operator we obtain 

[H,PT]\^|;,) = {H-E*)PT\^|;,), 

{i;2\[H,PT] = {^2\PT{E;-H). ( 12 ) 

From (HU we see that if [H, PT] = 0, then for every 
eigenstate with eigenvalue Ei there exists an eigen¬ 
state PT\ipi) with eigenvalue E^ (any one of which could 
be real of course), and likewise for {'tlj 2 \- Thus, as noted 
above, when the Hamiltonian is PT symmetric the eigen¬ 
values can be real or appear in complex conjugate pairs. 
To establish the converse, we note that (fT^ has to hold 
not just for one of its eigenstates but for all of them. 
Then if some of the energy eigenvalues of El are real and 
the rest appear in complex conjugate pairs, and if the set 
of all eigenstates is complete (viz. the non-Jordan-block 
case), we conclude that we can set [H,PT] = 0 as an 
operator identity. We thus conclude that if some or all of 
the energy eigenvalues are real and any others appear in 
complex conjugate pairs, the Hamiltonian must be PT 
symmetric. The utility of this analysis is that unlike the 
discussion of f{X) = \H — XI\ given earlier, the implica¬ 
tions of (na) hold for infinite-dimensional operators and 
not just for finite-dimensional ones. 

In the Jordan-block case the completeness discus¬ 
sion has to include non-stationary solutions to the 
Schrodinger equation as well as the stationary ones Q. 
To be specific, consider two typical eigenstates of an 
eigenvector problem of the form exp(—z(a; -I- e)t) and 
exp(—f(a; — e)t). On letting e go to zero the two eigen¬ 
states collapse on to just the one [exp(—i(w -I- e)t) + 
exp(—f(a; — e)t)]/2 —>• exp(—iwt), and an eigenstate is 
lost. However two solutions cannot turn into one, and 
there thus has to be a second solution. This second 
solution is found by combining the two eigenstate so¬ 
lutions with a singular weight I/e to yield [exp(—f(a; -I- 
e)t) — exp(—f(a; — e)t)]/2e —ftexp(—fwt). Because of 
its power behavior in t this second solution is not an 
eigenstate of idt- Since both of the two eigenstate solu¬ 
tions were independent solutions to the time-dependent 
Schrodinger equation before we took the limit (since they 
were solutions to idttp{t) = E[ip{t) = Eip{t)), the two lin¬ 
ear combinations remain solutions to the time-dependent 
Schrodinger equation after the limit is taken, with there 
thus being no loss of completeness. In analog to ([T^ . 
starting from idt4’{t) = Elip^t) with time-independent El 


we can write 

[H,PT]m = + 

= HAip*{-t)-i^^^A'4)*{-t), (13) 

where we have set PT = AK where A is a time- 
independent linear operator and K is complex conjuga¬ 
tion. From (USD we see that if \H, PT] = 0, then for every 
that satisfies the time-dependent Schrodinger equa¬ 
tion A'ij:*{t) will do so too. Similarly, if for every '0(i) 
that satisfies the time-dependent Schrodinger equation 
there is an Atjj*{t) that does so too, then we can identify 
[H, PT] = 0 as an operator identity. 

We can also constrain the structure of solutions to the 
theory in the complex conjugate pair case. Even though 
all solutions are energy eigenstates in this case, nonethe¬ 
less such stationary solutions to the time-independent 
Schrodinger equation Ht/jit) = Ei/jit) also obey the time- 
dependent Schrodinger equation f9('!/;(t) = Hip{t) as well, 
and thus obey (USD- On applying m, we see that 
any complex conjugate pair of energy eigenvectors of a 
PT symmetric Hamiltonian have, up to an A-dependent 
transformation, complex conjugate wave functions. 

To apply the above analysis to path integrals, consider 
the generic path integral f V[(j)] exp(zS') with classical ac¬ 
tion S = f d^x£, as integrated over the paths of some 
generic field (j){x,t) between end points (j){x = 0,t = 0) 
and (j){x = 0,t). In theories in which the Hamiltonian is 
Hermitian, this path integral represents the t > 0 two- 
point function 

(H|,/(0,t)</(0,0)|H)e-*^“*= / D[(/]exp(*5), (14) 

where Eq is the energy of the ground state |H). On intro¬ 
ducing the time evolution operator, using the complete¬ 
ness relation H — ]n)En{n], and taking (j){x,t) to be 

Hermitian, evaluation of the two-point function yields 

(r!|</(0,t)</>(0,0)|H)e-*^“‘ 

= {n]P^*(t){0, 0)e-*'f^V(0,0)|H)e-*'®«* 

= ^(H|</(0,0)|n)(n|</(0,0)|H)e-*^"* 

n 

= ^|(H|</(0,0)|n)pe-^"‘. (15) 

n 

In arriving at this result we have identified (n|(()(0,0)|H) 
as the complex conjugate of (H|^(0, 0)|n). Such an iden¬ 
tification can immediately be made if the states |n) are 
also eigenstates of a Hermitian ^(0, 0), except for the fact 
that they actually cannot be since [(/, H] = idt4> is not 
equal to zero. Nonetheless, in its own eigenbasis we can 
set (j) = where the (pa are real. Conse¬ 

quently, we can set 

(H|())(0,0)|n) ='^{n]a)(pa{a]n), 

OL 
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(n|(;i(0,0)|f^) = '^{n\a)(t>a{a\n) 

OL 

= '^{<^\'n)*4'a{^\a)* = {^^ 1 ^( 0 , 0 )|n)*, (16) 

a. 

from which the last equality in (IT5|) then follows after all. 

If we now substitute the Euclidean time t = it in (1151) 
we obtain 

= ^Kfl|<^(0,0)|n)|V^"^ (17) 

n 

In Euclidean time this expression is real since all the 
eigenvalues of a Hermitian Hamiltonian are real, and is 
convergent at large t if all the if„ are greater or equal 
to zero. Also, its expansion at large r is dominated by 
Eo, with the next to leading term being given by next 
lowest energy Ei and so on. Finally, in order for m 
to be describable by a Euclidean time path integral with 
convergent exponentials, as per [la we would need iS = 
i f dtdPxC = f drd^xC to be real and negative definite 
on every path. 

We can obtain an analogous outcome when the Hamil¬ 
tonian is not Hermitian, and as we now show, it will 
precisely be PT symmetry that will achieve it for us. 
As described earlier, in general we must distinguish be¬ 
tween left and right eigenvectors, and so in general the 
path integral will represent (IIl|<('( 0 , t)<('( 0 , 0 )|IlR)e“*^“*. 
Now in the event that the left eigenvectors are not the 
Dirac conjugates of the right eigenvectors of H, the 
general completeness and orthogonaliW relations (in the 
non-Jordan-block case) are given by Q J2n \^n){Ln\ — 
— /, — (7?^|Z/yi) — Sln^Tn^^ while 

the spectral decomposition of the Hamiltonian is given 
by iJ = \Rn)En{Ln\. Consequently, we can set 

= ^(HL|</)( 0 , 0 )|i?„)e-*^'‘‘(L„|(^( 0 , 0 )|HR). (18) 

n 

To analyze this expression we will need to determine 
the matrix elements of (j){0,0). To use Hermiticity for 
(/)(0,0) is complicated and potentially not fruitful. Specif¬ 
ically, if we insert (j) = \a)(j)a{a\ in the various matrix 

elements of interest, on recalling that {L\ = {R\V, we ob¬ 
tain 

(nL|<(.(0, 0)|i?„) = 

Ct 

{Ln\(t>{Q, 0)|IIr) = y^{R„\V\a)(j)a (a|IIfl) 

a 

= ( 19 ) 

oc 

This last expression is not only not necessarily equal to 
(IIi|((i( 0 , 0 )|i?„)*, it does not even appear to be related 
to it. 


To be able to obtain a quantity that does involve the 
needed complex conjugate, we note that as well as be¬ 
ing Hermitian, as a neutral scalar field, ^(0,0) is PT 
even. Its PT transformation properties are straight¬ 
forward since we can write everything in the left/right 
energy eigenvector basis (as noted in [T^ the relation 
[PT, (/] = 0 and thus PT(j)T~^P~^ = (p are basis inde¬ 
pendent). On applying a PT transformation and recall¬ 
ing that = 1, = 1 as per [T^, we obtain 

p = ^|p,)0y(L,| = pr/)r-ip-i 

= PTcpTP = Y,PT\Ri)cl)*^{Lj\TP. (20) 

For energy eigenvalues that are real we have PT\Ri) = 
\Ri), (Pj|TP = {Lj\, with PT(j)TP = cp thus yielding 

(P#|P,) ( 21 ) 

Thus we can set 

(DL|</( 0 ,t)</( 0 , 0 )|OR)e-*^«‘ = ( 22 ) 

n 

With (pQn and pno both being real, this expression is 
completely real when the time is Euclidean. Thus 

in the real eigenvalue sector of a PT-symmetric the¬ 
ory, the Euclidean time two-point function and the Eu¬ 
clidean time path integral are completely real. Since 

they both are completely real, we confirm that the 
form (Ol|(/( 0, t)(/)(0, 0 )|Or) is indeed the correct PT- 
symmetry generalization of the Hermitian theory form 
(O|(()( 0 , t)(/( 0 , 0 )|O) used in (fHl) above. 

In the event that energy eigenvalues appear in complex 
conjugate pairs, we have two cases to consider, namely 
cases in which there are also real eigenvalues, and cases in 
which all eigenvalues are in complex conjugate pairs. In 
both the cases we shall sequence the energy eigenvalues 
in order of increasing real parts of the energy eigenvalues. 
Moreover, in cases where there are both real and complex 
energy eigenvalues we shall take the lowest one to have a 
purely real energy. 

For energy eigenvalues that are in complex conjugate 
pairs according to E± = Er ± iEi, we have 

PT|P±) = |P^), (P±|rP=(P^|. (23) 

with time dependencies |P±) exp(—iP±t) = 

exp(—± P/t), (P±| = {R±\V ^ exp(iPzpf) = 
e^ppEnt ± Ejt). Given (|31) and (HI), we see that 
these eigenvectors have no overlap with the eigenvec¬ 
tors associated with purely real eigenvalues. In the 
complex conjugate energy eigenvalue sector we can set 
Y.n[\Pt){LP\ + \RP){Pt\] = as summed over how¬ 
ever many complex conjugate pairs there are. Also 
we can set (P"|P+) = {L+\R:p) = (5(n,m), while 
the previous spectral decomposition of the Hamiltonian 
given by P = |i?„)P„(L„| is augmented with H = 
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T.n[\K)K{Lj + \Rn)E^ {L+\]. Thus just as in our 
earlier discussion of the decay of some generic state |A) 
into some generic state |-B), the non-trivial overlaps are 
always between states with exponentially decaying and 
exponentially growing behavior in time. 

Now while the Hamiltonian does not link the real and 
complex conjugate sectors the scalar field can. In this 
mixed sector, with summations being suppressed, the de¬ 
composition of the scalar field is given by 

4' = \Ri)4i-{L-\ E \Ri)4i+{E+\ 

+ -I- |i?_|_)(/)_|_i(Li|, 

PTcj^TP = \R,)^*_{L+\ + \R,)4:*+{L.\ 

+ \R+)<t>U{U\ + \R-)4\^{Ul (24) 

with PT(f>TP = (j) thus yielding 

(t)^- = 41+, 4^+ = 4*-, 4-i = 4*+z, 4+i = 4U, 

(L,|0|i?+) = ^i_, {L,\(j)\R_) = cj)^+, 

{L+\^m = =(/.+i. (25) 

The contribution of this sector to the two-point function 
is given by 

{HL|(^(0,t)<).(0,0)|HR)e-*^“* 

= (26) 

Via (I25p we see that the Euclidean time path integral is 
completely real, just as desired. 

On comparing (1^ with ((^ . we see that (1^ is a 
direct continuation of (HH), with pairs of states with 
real energy eigenvalues in ( 1221 ) continuing into pairs 
of states with complex conjugate energy eigenvalues in 
(USD- This pattern is identical to the one exhibited 
by the two-dimensional matrix example given in ©■ 
Since we have to go through a Jordan-block phase in 
order to make the continuation from real to complex 
energy eigenvalues, we can infer that also in the PT- 
symmetric Jordan-Block case the Euclidean time path 
integral will be real. In fact this very situation has al¬ 
ready been observed in a specific model, the quantum- 
mechanical fourth-order Pais-Uhlenbeck oscillator model. 
This model is based on the acceleration-dependent La- 
grangian £ = {'^/2)[z^ — (ujf + a;|)i^ -I- for the 

coordinate z{t), where uil and a;| are both real, and 7 
is a positive constant. The Hamiltonian of the theory is 
PT symmetric, and in the equal-frequency limit becomes 
Jordan block. For both the unequal-frequency case and 
the equal-frequency case the Euclidean time path inte¬ 
gral is found to be real [l^, with the unequal-frequency 
path integral continuing into the equal-frequency path 
integral in the limit, while nicely generating none other 
than the non-stationary Te~^'^ wave function described 
earlier. 

In the event that all the energy eigenvalues of the the¬ 
ory are in complex conjugate pairs, we can calculate two- 
point functions taken in these states. Since the Hamilto¬ 
nian does not induce transitions between differing pairs 


we only need to consider one such pair. In this sector we 
can expand 4> according to 

PTc^TP = |i?_)<^;_(£+| + |i?+)</.l+(£_|, (27) 

with PT(f>TP = (j) thus yielding 

4 +-= 4 -+, 4 -+ = 4 *+-, 

(L_|<^|i?+) = </.+_, (L+|<^|i?_) =(/._+. (28) 

In this sector we can thus set 

(H+|<^(0,t)(^(0,0)|H_) = <t>-+4-+e-^'^^^-^’\ 

(H_ |<).(0, t)4>{0, 0)|H+) = (29) 

From (|28l) we see that the Euclidean time path 
integral associated with (f2+|(/)(0, t)(/)(0,0)|H_) -I- 
(H_|(/)(0, t)(/>(0,0)|H+) is completely real. To summarize, 
we see that in all the possible cases, we find that if the 
Hamiltonian is PT symmetric the Euclidean time path 
integral is real. 

To prove the converse, we note that when we continue 
the path integral to Euclidean time and take the large 
T = it limit, the leading term is of the form exp(—Eo^") 
where Eq is the energy of the ground state. The next to 
leading term is the first excited state and so on (as se¬ 
quenced according to the real parts of the energy eigen¬ 
values). If the Euclidean time path integral is real, it is 
not possible for there to be any single isolated complex 
energy eigenvalue. Rather, any such complex eigenvalues 
must come in complex conjugate pairs, and likewise for 
the right/left overlap matrix elements of (/)(0,0). Thus if 
the Euclidean time path integral is real we can conclude 
that all the energies and matrix elements are real or ap¬ 
pear in complex conjugate pairs. Hence, according to our 
previous discussion, the Hamiltonian of the theory must 
be PT symmetric. We thus establish that PT symmetry 
is a both necessary and sufficient condition for the real¬ 
ity of the Euclidean time path integral, and generalize to 
field theory the analogous result for |i7 — A/| that was 
obtained in matrix mechanics. 


IV. CONSTRAINING THE PATH INTEGRAL 
ACTION VIA PT SYMMETRY 

The discussion given above regarding path integrals 
was based on starting with matrix elements of products 
of quantum fields and rewriting them as path integrals. 
Thus we begin with the q-number theory in which the 
quantum-mechanical Hilbert space is already specified 
and construct a c-number path integral representation 
of its Green’s functions from it. However, if one wants to 
use path integrals to quantize a theory in the first place 
one must integrate the exponential of i times the classical 
action over classical paths. Thus we start with the clas¬ 
sical action, and if we have no knowledge beforehand of 
the structure of the quantum action, we cannot construct 


the classical action by taking the quantum action and re¬ 
placing each q-number quantity in it by a c-number (i.e. 
by replacing q-number operators that obey non-trivial 
?i-dependent commutation relations by c-number quan¬ 
tities for which all commutators are zero.) Moreover, 
while a quantum field theory may be based on Hermitian 
operators, such Hermiticity is an intrinsically quantum- 
mechanical concept that cannot even be defined until a 
quantum-mechanical Hilbert space has been constructed 
on which the quantum operators can then act. Or stated 
differently, since path integration is an entirely classi¬ 
cal procedure involving integration of a purely classical 
action over classical paths there is no reference to any 
Hermiticity of operators in it at all. And even if one 
writes the Lagrangian in the classical action as the Leg¬ 
endre transform of the classical Hamiltonian, one cannot 
attach any notion of Hermiticity to the classical Hamil¬ 
tonian either. 

To try to get round this problem one can argue that 
since the eigenvalues of Hermitian operators are real, and 
since such eigenvalues are c-numbers, one should build 
the classical action out of these eigenvalues, with the 
classical action then being a real c-number. And if the 
classical action is real, in Euclidean time i times the ac¬ 
tion would be real too. The simplest example of a real 
classical action is the one inferred from the quantum 
Lagrangian mx^ jl for a free, non-relativistic quantum 
particle with a q-number position operator that obeys 
[x,p] = ih. On setting H = 0 one constructs the classical 
Lagrangian as the same mx^ j1 except that now a; is a 
c-number that obeys [x^p\ = 0. Another familiar exam¬ 
ple is the scalar field Lagrangian d^4)d^(j), with the same 
form serving in both the q-number and c-number cases. 
If we take the fields to be charged, while we could use a 
Lagrangian of the form dfi4)d^4>* in the c-number cease, 
in the q-number case we would have to use d/j^ipd^cj)'. 

Despite this, this prescription fails as soon as one 
couples to a gauge field. Specifically, one can take 
the quantum-mechanical to be Hermitian and the 
classical-mechanical to be real. With such a real 
one could introduce a classical Lagrangian of the form 
— — A^(j)*). Now this particular classical 

Lagrangian is not acceptable as a path integration with it 
would not produce conventional quantum electrodynam¬ 
ics. Rather, to generate conventional quantum electro¬ 
dynamics via path integration one must take the classical 
Lagrangian to be of the form {d^(j)—iA^(j)){d^(j)*+iA^(j)*). 
Now in this particular case we already know the answer 
since the — iA^(j)){d^(jA -|- iA^cjA) form [or equiva¬ 
lently + Afj^(j)){—id^(jA -\- A'^t/)'^)] is the form of the 

quantum-mechanical Lagrangian. However, that does 
not tell us what classical action to use for other theories 
for which the quantum-mechanical action is not known 
ahead of time. 

To address this issue we need to ask why one should 
include the factor of i in the quantum-mechanical La¬ 
grangian in the first place. The answer is that in quan¬ 
tum mechanics it is not that is Hermitian. Rather, it is 


id^. Then since is anti-Hermitian one must combine 
it with some anti-Hermitian function of the Hermitian 
A^, hence iA^. We thus have a mismatch between the 
quantum and classical theories, since while is real it 
is not Hermitian. We must thus seek some entirely dif¬ 
ferent rule for determining the classical action needed for 
path integration, one that does not rely on any notion 
of Hermiticity at all. That needed different rule is PT 
symmetry. 

Under a PT transformation A^ is PT even. Thus 
with dfi being PT odd [l^, we see that the combination 
d^ — iA^ is also PT odd. Thus, with 
iA^(j)*) being PT even, PT symmetry is readily imple- 
mentable at the level of the action. And moreover, PT 
symmetry can be implemented not just on one classical 
path such as the stationary one, it can be implemented on 
every classical path, stationary or non-stationary. When 
this is done the resulting quantum theory is PT sym¬ 
metric in exactly the same way as path integration over 
classical paths all of which are Lorentz invariant yields a 
quantum theory that is Lorentz invariant too. 

To buttress the need for and use of PT symmetry 
at the level of the action, we recall that we had shown 
above that the matter field T^^" is PT symmetric. Now 
if we introduce a general coordinate invariant action 
Im = f for the matter field, then its vari¬ 

ation with respect to the spacetime metric is given by 
= (1/2) / dAx{—gY^'^T>^''5g^u- Now as a field the 
spacetime metric is PT even (it transforms the same 
way as a flavor singlet, color singlet, spin two, quark- 
antiquark bound state). Thus, with the matter field T^'' 
(as defined above in Sec. H by this very same variational 
procedure) being PT even, we see that the total matter 
action is PT even. Thus regardless of any Hermiticity 
considerations the matter action must be PT symmet¬ 
ric, and thus we must take the classical action needed for 
path integral quantization to be PT symmetric on every 
classical path. 

In addition, we note that while the matter field energy- 
momentum tensor is defined as the variation of the mat¬ 
ter field action with respect to the spacetime metric, it 
does not follow that the geometric structure of the matter 
field action depends on the metric alone, since one can use 
a geometric connection T^^^, more general than the stan¬ 
dard Levi-Civita connection = {l/2)g^°'{dfj,g,ja + 

di^g^a — dagi^fj.)- One could for instance introduce 
a torsion-dependent connection of the form = 

(1/2)5^“ (Q/xi-a + - QaviA) where = T^^^ - 

is the antisymmetric part of the connection. Or one 
could use the modified Weyl connection introduced in 
[III, viz. = -(2/3)jg^“ {guaAf, + g^aAy - gu^A^) 
where A^ is the electromagnetic vector potential. As 
shown in [ll| , both and transform in the same 
PT way (viz. PT odd) as A'*'^^, and thus neither of them 
modifies the PT structure of the theory. 

Our use of the modified connection is of in¬ 

terest for another reason. When first introduced by 
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Weyl in an attempt to metricate (geometrize) electro¬ 
magnetism, the connection was taken to be of the form 
= - 9 ^°^ {guaAf, + gfj,aA^ - g„^Aa). Apart from 
an overall normalization factor, this connection differs 
from the modified one by not possessing the factor of 
i. Since Weyl was working in classical gravity, every¬ 
thing was taken to be real, with the derivative in the 
Levi-Civita connection being replaced by — 2A^ in 
order to generate From the perspective of classi¬ 

cal physics the Weyl prescription was the natural one to 
introduce. However, it turns out that this prescription 
does not work for fermions, since if the Weyl connection 
is inserted into the curved space Dirac action as is, it is 
found to drop out identically [l^, with Weyl’s attempt 
to metricate electromagnetism thus failing for fermions. 
However, when instead the modified is inserted into 
the curved space Dirac action, it is found [l^ to precisely 
lead to minimally coupled electromagnetism with action 
/ — iAfj_)ilj (the 2/3 factor in serves to 

give Afj_ the standard minimally coupled weight). Thus 
the geometric prescription that leads to the correct cou¬ 
pling of fermions to the vector potential is not to replace 
by — 2A^ in the Levi-Civita connection, but to re¬ 
place it by df^ — (4i/3)A^ instead. We note that it is this 
latter form that respects PT symmetry, and in so do¬ 
ing it leads to a geometrically-generated electromagnetic 
Dirac action that is automatically PT symmetric. Hence 
we are again led to a PT-symmetric action. 

The analysis we have given in this paper shows that 
both the classical and the quantum actions have to be 
PT symmetric. Now since it has no connection to electric 
charge, the spacetime metric is C even where C denotes 
charge conjugation. Any principle that would force 
to be C even would then produce an action that is fully 
CPT invariant. It would thus be of interest to find such 
a principle [^ . Now since C is not preserved in weak 
interactions, not only PT but also C would then have to 
broken spontaneously. 


V. CONTINUING THE PT OPERATOR INTO 
THE COMPLEX PLANE 

As we have seen, there are two different ways to obtain 
a real Euclidean time path integral in which all energy 
eigenvalues are real - the Hamiltonian could be Hermi- 
tian, or the theory could be in the real eigenvalue real¬ 
ization of a PT symmetric Hamiltonian. Thus one needs 
to ask how does one determine which case is which. Now 
while there is no known complete answer to this question 
as yet, a partial answer was given in Q, one that merits 
further study. Specifically, the regular (non-Euclidean) 
real time path integral was studied in some specific mod¬ 
els, and it was found that in the Hermitian case the path 
integral exists with a real measure, while in the PT case 
the fields in the path integral measure (but not the co¬ 
ordinates on which they depend) needed to be continued 
into the complex plane. (Continuing the path integral 


measure into the complex plane is also encountered in’t 
Hooft’s study of quantum gravity [ll|.) In fact, should 
this partial answer prove to be a general rule, it would 
then explain how quantum Hermiticity arises in a purely 
c-number based path integral quantization procedure in 
the first place, since the path integral itself makes no 
reference to any Hilbert space whatsoever. The general 
rule would then be that only if the real time path inte¬ 
gral exists with a real measure, and its Euclidean time 
continuation is real, would the quantum matrix elements 
that the path integral describes then be associated with 
a Hermitian Hamiltonian acting on a Hilbert space with 
a standard Dirac norm. 

To see what specifically happens in the non-Hermitian 
but PT-symmetric case, consider the Pais-Uhlenbeck os¬ 
cillator. Its real time path integral is given by 




V[z,z] 



/2i 2\*2i 22i 

(wj -I- UJ2)Z + OJ^Ul^Z 


(30) 


with the path inte gra tion needing to be over separate 
z{t) and z{t) paths [l^ since the equations of motion are 
fourth-order derivative equations. To enable the path in¬ 
tegration to be asymptotically damped we use the Eeyn- 
man prescription and replace and a;| by uif — ie and 
a;| — ie. This then generates an additional contribution 
to the path integral action of the form 



While this term provides damping for real i, it does not 
do so for real z. Rather, in analog to the discussion of the 
divergent Gaussian wave function given above, z needs to 
be continued into the complex plane, with the complex 
z-plane splitting up into regions known as Stokes wedges 
[I|. In terms of the shape of the letter X, the z integra¬ 
tion converges in its north and south quadrants (a region 
that includes the imaginary z axis), while the z integra¬ 
tion converges in analog east and west quadrants (a re¬ 
gion that includes the real z axis). The arms of the letter 
X are known as Stokes lines, with it being necessary to 
continue z into the complex plane until it crosses a Stokes 
line in order to get a well-defined real time path integral. 
Eor the Pais-Uhlenbeck oscillator this well-defined path 
integral is associated with a PT-symmetric Hamiltonian 
and not a Hermitian one, with all energy eigenvalues be¬ 
ing real and bounded from below Q, and with the Eu¬ 
clidean time path integral being real and finite . The 
general rule would thus appear to be that the quantum 
Hamiltonian associated with both a well-defined real time 
path integral and a well-defined Euclidean time path in¬ 
tegral is Hermitian if the convergent Stokes wedges for 
the real time path integral include the real axis (in which 
case the quantization is completely standard), and is PT- 
symmetric instead if they do not. 
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In a continuation into the complex plane we need to 
ask what happens to the PT operator. As we now show, 
it is continued too so that the [PT, H] = 0 commuta¬ 
tor remains intact. We give the discussion for particle 
mechanics, with the generalization to fields being direct. 

In classical mechanics one can make symplectic trans¬ 
formations that preserve Poisson brackets. A general 
discussion may for instance be found in and we 
adapt that discussion here and consider the simplest case, 
namely that of a phase space consisting of just one q and 
one p. In terms of the two-dimensional column vector 
V = ('ZiP) and an operator J = 102 we can write a gen¬ 
eral Poisson bracket as 


p —)• —p. We can thus set PT = —a^K where K effects 
complex conjugation on anything other than the real q 
and p that may stand to the right, and set 

PTr] = -a3ri. (36) 

Let us now make a symplectic transformation to a new 
PT operator (PT)' = MPTM~^. With iw being com¬ 
plex the transformation takes the form 

MPTM-i = (37) 

With rj being real, we thus obtain 

{PT)'p' = = -a^q'■ (38) 


. , dudv du dv du dv . . 

^ dq dp dp dq dq dq 


If we now make a phase space transformation to a new 
two-dimensional vector q' = {q',p') according to 


Mij 


H 

dqf 


dv ~ dv 


du 

dq 



(33) 


the Poisson bracket then takes the form 


{.,„} = (34, 

The Poisson bracket will thus be left invariant for any M 
that obeys the symplectic symmetry relation MJM = J. 

In the two-dimensional case the relation MJM = J 
has a simple solution, viz. M = exp(—^ 07 ( 73 ), and thus 
for any lo the Poisson bracket algebra is left invariant. 
With q and p transforming as 

^ = = (35) 


the qp product and the phase space measure dqdp respec¬ 
tively transform into q'p' and dq'dp'. With the classical 
action f dt(jpq — H(q,p)) transforming into f dtijp'q' — 
H[q',p')), under a symplectic transformation the path 
integral of the theory is left invariant too. 

Now though it is not always stressed in classical me¬ 
chanics studies, the Poisson bracket algebra is left in¬ 
variant even if, in our notation, lo is not pure imaginary, 
since iuj is just a pure number. This then permits us to 
invariantly continue the path integral into the complex 
{q,p) plane. Now one ordinarily does not do this because 
one ordinarily works with path integrals that are already 
well-defined with real q and p. However, in the PT case 
the path integral is often not well-defined for real q and 
p but can become so in a suitable Stokes wedge region in 
the complex {q,p) plane. This means that as one makes 
the continuation one crosses a Stokes line, with the theo¬ 
ries on the two sides of the Stokes line being inequivalent. 

As regards what happens to a PT transformation when 
we continue into the complex plane, we first need to dis¬ 
cuss the effect of PT when q and p are real. When they 
are real, P effects q —>■ —q, p —>• —p, and T effects q ^ q, 


Thus the primed variables transform the same way under 
the transformed PT operator as the unprimed variables 
do under the unprimed PT operator. With the Hamil¬ 
tonian transforming as H'{q',p') = MH{q,p)M~^, the 
[PT,H] = [{PTy,H'] = 0 commutator is left invariant, 
in much the same manner as discussed in [T^ . The utility 
of this remark is that once the path integral is shown to 
be PT symmetric for all real paths, the PT operator will 
transform in just the right way to enable the path inte¬ 
gral to be PT symmetric for complex paths as well. PT 
symmetry can thus be used to constrain complex plane 
path integrals in exactly the same way as it can be used 
to constrain real ones, and to test for PT symmetry one 
only needs to do so for the real measure case. 

It is also of interest to discuss the quantum analog. 
Consider a pair of quantum operators q and p that obey 
{QtP] = *■ Apply a similarity transformation of the form 
exp(wpq) where w is a complex number. This yields 


/ 


9 

P 


/ 


^^pqp^-^pq ^ 


(39) 


and preserves the commutation relation according to 
W tP'\ = *■ Now introduce quantum operators P and 
T that obey P^ = I,T‘^ = /, [P,T] = 0, and effect 

PqP = -q, TqT = q, PTqTP =-q, 

PpP = —p, TpT =—p, PTpTP = p. (40) 


Under the similarity transformation the PT and TP op¬ 
erators transform according to 

i^PT)' = PT 

(TP)' = e‘^P«rPe"‘^P'? = TPe“‘^*P«e"‘^PA (41) 

From (HiH) and 6ID we thus obtain 

(PT)'q'(TP)' = 

= e-“* (- 9 ) 6 "'^^'? = = -q', (42) 


(PT)'p'(TP)' = e“P'?e‘^*P‘?Pre*>TPe“‘^*P«e“‘^P« 

= = p' 


(43) 
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Thus the primed variables transform the same way un¬ 
der the transformed PT operator as the unprimed vari¬ 
ables do under the unprimed PT operator. With the 
Hamiltonian being a function of q and p, the [PT,H] = 
[{PT)', H'] = 0 commutator is left invariant. 

As we see, the classical and quantum cases track into 
each other as we continue into the complex plane, with 
both the Poisson bracket and commutator algebras be¬ 
ing maintained for every uj. We can thus quantize the 
theory canonically by replacing Poisson brackets by com¬ 
mutators along any direction in the complex {q,p) plane, 
and in any such direction there will be a correspondence 
principle for that direction. With PT symmetry we can 


thus generalize the notion of correspondence principle to 
the complex plane. In so doing we see that even if the 
untransformed q and p are Hermitian, as noted above, 
the transformed q' and p' will in general not be since 
the transformations are not unitary (( 9 ')^ = = 

6 *“^ q ^ e““( 7 ). However, what will be preserved is their 
PT structure, with operators thus having well-defined 
transformation properties under a PT transformation. 

In conclusion, we note that PT symmetry is not only 
more far reaching than Hermiticity, it does not even need 
to be postulated as it is derivable from a fundamen¬ 
tal principle, namely Poincare invariance. Hermiticity 
is then just a particular realization of PT symmetry. 
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